Abstract. We show that the Weyl-Kac type character formula holds for the integrable highest weight modules over the quantized enveloping algebra of any symmetrizable Kac-Moody Lie algebra, when the parameter q is not a root of unity.
Introduction
It is well-known that the character of an integrable highest weight module over a symmetrizable Kac-Moody algebra g is given by the Weyl-Kac character formula (see Kac [6] ). In this paper we consider the corresponding problem for a quantized enveloping algebra (see Kashiwara [7] ).
For a field K and z ∈ K × which is not a root of 1, we denote by U K,z (g) the quantized enveloping algebra of g over K at q = z, namely the specialization of Lusztig's Z[q, q −1 ]-form via q → z. It is already known that the Weyl-Kac type character formula holds for U K,z (g) in some cases. When K is of characteristic 0 and z is transcendental, this is due to Lusztig [10] . When g is finite-dimensional, this is shown in Andersen, Polo and Wen [1] . When g is affine, this is known in certain specific cases (see Chari and Jing [2] , Tsuchioka [15] ).
We first point out that the problem is closely related to the nondegeneracy of the Drinfeld pairing for U K,z (g). In fact, assume we could show that the Drinfeld pairing for U K,z (g) is non-degenerate. Then we can define the quantum Casimir operator. It allows us to apply Kac's argument for Lie algebras in [6] to U K,z (g), and we obtain the Weyl-Kac type character formula for integrable highest weight modules over U K,z (g). In particular, we can deduce the Weyl-Kac type character formula in the affine case from the case-by-case calculation of the Drinfeld pairing due to Damiani [3] , [4] .
The aim of this paper is to give a simple unified proof of the nondegeneracy of the Drinfeld pairing and the Weyl-Kac type character formula for U K,z (g), where g is a symmetrizable Kac-Moody algebra, K is a field not necessarily of characteristic zero, and z ∈ K × is not a root of 1. Our argument is as follows. We consider the (possibly) modified algebra U K,z (g), which is the quotient of U K,z (g) by the ideal generated by the radical of the Drinfeld pairing. Then the Drinfeld pairing for U K,z (g) induces a non-degenerate pairing for U K,z (g), by which we can define the quantum Casimir operator for U K,z (g). It allows us to apply Kac's argument for Lie algebras to U K,z (g), and we obtain the Weyl-Kac type character formula for U K,z (g) with modified denominator. In the special case where the highest weight is zero, this gives a formula for the modified denominator. Comparing this with the ordinary denominator formula for Lie algebras, we conclude that the modified denominator coincides with the original denominator for the Lie algebra g. It implies that the Drinfeld pairing for U K,z (g) was already non-degenerate. This is the outline of our argument. In applying Kac's argument to the modified algebra, we need to show that the modified denominator is skew invariant with respect to a twisted action of the Weyl group. This is accomplished using certain standard properties of the Drinfeld pairing.
The first draft of this paper contained only results when K is of characteristic zero. Then Masaki Kashiwara pointed out to me that the arguments work for positive characteristic case as well. I would like to thank Masaki Kashiwara for this crucial remark.
quantized enveloping algebras
Let h be a finite-dimensional vector space over Q, and let {h i } i∈I and {α i } i∈I be linearly independent subsets of h and h * , respectively such that ( α j , h i ) i,j∈I is a symmetrizable generalized Cartan matrix. We denote by W the associated Weyl group. It is a subgroup of GL(h) generated by the involutions s i (i ∈ I) defined by
We can take a symmetric W -invariant bilinear form ( , ) :
For λ ∈ E and i ∈ I we obtain from (λ,
In particular we have
h i , and for γ = i n i α i ∈ Q set t γ = i n i t i . By (2.2) we have (λ, γ) = λ, t γ for λ ∈ E, γ ∈ Q. We fix a Z-form h Z of h such that
We set
We fix ρ ∈ h * such that ρ, h i = 1 for any i ∈ I, and define a twisted action of W on h * by
This action does not depend on the choice of ρ, and we have w • P = P for any w ∈ W .
Denote by E the set of formal sums λ∈P c λ e(λ) (c λ ∈ Z) such that there exist finitely many λ 1 , . . . , λ r ∈ P such that
Note that E is naturally a commutative ring by the multiplication e(λ)e(µ) = e(λ + µ).
Denote by ∆ + the set of positive roots for the Kac-Moody Lie algebra g associated to the generalized Cartan matrix ( α j , h i ) i,j∈I . For α ∈ ∆ + let m α be the dimension of the root space of g with weight α. We define an invertible element D of E by
We denote by F = Q(q) the field of rational functions in the variable q with coefficients in Q.
The quantized enveloping algebra U associated to h, {h i } i∈I , {α i } i∈I , h Z , ( , ) is the associative algebra over F generated by the elements k h ,
where
, and e
We have a Hopf algebra structure of U given by
for h ∈ h Z , i ∈ I. We will sometimes use Sweedler's notation for the coproduct;
and the iterated coproduct;
For γ ∈ Q set
Then we have
It is known that the multiplication of U induces isomorphisms
It is also known that (2.13)
For a U-module V and λ ∈ P we set
We say that a U-module V is integrable if V = λ∈P V λ and for any v ∈ V and i ∈ I there exists some N > 0 such that e (n)
For i ∈ I and an integrable U-module V define an operator T i : V → V by
It is invertible, and satisfies
There exists a unique algebra automorphism T i : U → U such that for any integrable U-module V we have
The action of T i on U is given by
The multiplication of U induces
They are Hopf subalgebras of U. The Drinfeld pairing is the bilinear form τ :
characterized by the following properties:
It satisfies the following properties:
For i ∈ I we define linear maps
We have
(see [11, 
We have also 
specialization
Let R be a subring of
It is a Hopf algebra over R.
We define subalgebras
It is known that U ± R,±γ is a free R-module of rank dim U ± ±γ (see [11, Section 14.2] ). Hence we have (3.1)
by (2.13).
The multiplication of U R induces isomorphisms
For i ∈ I the algebra automorphisms
Lemma 3.1. The multiplication of U R induces isomorphisms
Proof. We only show (3.2). The injectivity of the canonical homomorphism
is clear. To show the surjectivity it is sufficient to verify that its image is stable under the left multiplication by e (n) j for any j ∈ I and n ≧ 0. If j = i, this is clear since e
. Consider the case j = i. By (2.31) and the general formula
x k e i ). Then we see by induction on n that (3.6) e (n)
We obtain from (3.7) that x n ∈ U + R by induction on n.
by (3.6).
Define a subringÃ of F bỹ
Then the Drinfeld pairing induces a bilinear form
→Ã.
For γ ∈ Q + we denote its restriction to U
In the rest of this paper we fix a field K and z ∈ K × which is not a root of 1, and consider the Hopf algebra (3.9)
. Then we have
By (3.1) we have (3.10)
Moreover, setting
we have U ± z,±γ = U ± z ∩ U z,γ since z is not a root of 1. The multiplication of U z induces isomorphisms
For a U z -module V and λ ∈ P we set
We say that a U z -module V is integrable if V = λ∈P V λ and for any v ∈ V and i ∈ I there exists some N > 0 such that e (n)
For i ∈ I and an integrable U z -module V define an operator T i : V → V by
It is invertible, and satisfies T i V λ = V s i λ for λ ∈ P . We denote by T i : U z → U z the algebra automorphism of U z induced from T i : UÃ → UÃ. Then we have T i (U z,γ ) = U z,s i γ for γ ∈ Q.
Lemma 3.2. The multiplication of U z induces isomorphisms
Proof. We only show (3.13). By Lemma 3.1 we have
Hence we have a sequence of canonical maps
Therefore, it is sufficient to show that
is injective. This follows by applying
They are Hopf subalgebras of U z . The Drinfeld pairing induces a bilinear form
We define a category O(U z ) as follows. Its objects are U z -modules V which satisfy
and such that there exist finitely many λ 1 , . . . , λ r ∈ P such that
The morphisms are homomorphisms of U z -modules. We say that a U z -module V is integrable if V = λ∈P V λ and for any v ∈ V there exists N > 0 such that for i ∈ I and n ≧ N we have e (n)
For each coset C = µ + Q ∈ P/Q we denote by O C (U z ) the full sub-
and for λ ∈ P + we define
is a highest weight module with highest weight λ if and only if it is a non-zero quotient of M z (λ). If there exists an integrable highest weight module with highest weight λ, then we have λ ∈ P + . For λ ∈ P + a U z -module is an integrable highest weight module with highest weight λ if and only if it is a non-zero quotient of V z (λ).
For V ∈ O(U z ) we define its formal character by
We have ch(M z (λ)) = e(λ)D −1
(λ ∈ P ), where
For each coset C = µ + Q ∈ P/Q we fix a function f C :
Remark 4.3. The function f C is unique up to addition of a constant function. If we extend ( , ) : E × E → Q to a W -invariant symmetric bilinear form on h * , then f C is given by
for some a ∈ Q.
z,−γ be the canonical element of the non-degenerate bilinear form τ z,γ . Following Drinfeld we set [12, Section 3.2] , [11, Section 6.1] ). Let C ∈ P/Q. For V ∈ O C (U z ) we define a linear map
This operator is called the quantum Casimir operator. As in [12, Section 3.2] we have the following.
Since z is not a root of 1, we have
Main results
For w ∈ W and x = λ∈P c λ e(λ) ∈ E we set
The elements wx, w • x may not belong to E; however, we will only consider the case where wx, w • x ∈ E. We denote by sgn : W → {±1} the character given by sgn(s i ) = −1 for i ∈ I. Proof. We may assume that w = s i for i ∈ I.
Then we have
Moreover, by Lemma 3.2, Lemma 4.2 and (4.9) we have
and hence the assertion follows from
Assume that V is an integrable highest weight U z -module with highest weight λ. Then we have
Proof. The proof below is the same as the one for Lie algebras in Kac [6, Theorem 10.4] .
Set C = λ + Q ∈ P/Q. Similarly to [6, Proposition 9.8] we have
c µ e(µ).
Using the action of T i (i ∈ I) on V we see that w ch(V ) = ch(V ) for w ∈ W , and hence w • (D ch(V )) = sgn(w)D ch(V ) for any w ∈ W . It follows that
Assume that µ ∈ λ − Q + satisfies c µ = 0. By (5.2) W • µ ⊂ λ − Q + , and hence we can take (5.2). Namely, we have µ ′ ∈ P + . Then by [6, Lemma 10.3] we obtain µ ′ = λ.
Remark 5.3. I. Heckenberger pointed out to me that Proposition 5.2 also follows from the existence of the BGG resolution of integrable highest weight modules of quantized enveloping algebras given in [5] Recall that any integrable highest weight module V with highest weight λ is a quotient of V z (λ). Proposition 5.2 tells us that its character ch(V ) only depends on λ. It follows that any integrable highest weight module with highest weight λ is isomorphic to V z (λ).
Consider the case λ = 0. Since V z (0) is the trivial one-dimensional module, we obtain the identity Theorem 5.7. Let γ ∈ Q + . Take bases {x r } and {y s } of U + A,γ and U − A,−γ respectively, and set f γ = det(τÃ ,γ (x r , y s )) r,s . Then we have f γ ∈ A × . Namely, we have
N , where a ∈ Z, and f 1 , . . . , f N ∈ Z[q] are cyclotomic polynomials.
Proof. We can write f γ = mgh, where m ∈ Z >0 , g ∈ Z[q] is a primitive polynomial with g(0) > 0 whose irreducible factor is not cyclotomic, and h ∈Ã × . Note that for any field K and z ∈ K × which is not a root of 1, the specialization of f γ with respect to the ring homomorphismÃ → K (q → z) is non-zero by Theorem 5.4. Hence we see easily that m = 1 and g = 1.
In the finite case Theorem 5.7 is well-known (see [8] , [9] , [11] ). In the affine case this is a consequence of Damiani [3] , [4] , where det(τÃ ,γ (x r , y s )) r,s is determined explicitly by a case-by-case calculation.
